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Abstract: This paper examines the thermally radiative Poiseuille flow of a non-Newtonian Jeffrey fluid
through a porous medium with variable inclination and permeability. For simplification, let us assume that
permeability varies in a quadratic parabolic form. The Brinkman model is applied to the porous medium to
effectively regulate the flow. The impacts of viscous dissipation are also incorporated into the energy equation.
'The exact solution for velocity and temperature fields is obtained using the direct integration method, and then
the obtained results are plotted to see the influence of different physical parameters. Furthermore, the skin
friction coefhicient and local Nusselt numbers are precisely calculated numerically for a variety of parameters,
with the results presented comprehensively in tabular form. It is observed that the maximum permeability
of the porous medium affects both the mass flow rate and the velocity, which increase with rising Jeffrey and
decrease with rising Hartmann, number, respectively.
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Introduction cooling for re-entry vehicles and rocket boosters, and

engineering systems like heat exchangers and nuclear

n numerous physical situations, solid surfaces

frequently exhibit wavy structures. For instance,
mica cleavage surfaces display irregularities around 20
angstroms in size, while even smooth quartz crystals
can have surface irregularities as tall as 100 angstroms.
Recently, the investigation of flow dynamics near
such irregular or wavy walls has garnered considerable
attention due to its wide range of applications. A
variety of subjects are covered by these applications,
such as film vaporization in combustion chambers,
cross-hatching on ablative surfaces, transpiration

reactors. The fluid flow through porous surfaces,
which is often resolved by applying an empirical slip-
flow boundary constraint at these surfaces to match
Darcy’s Law with the Navier-Stokes equation (Neala
and Nader, 1974). A criticism of the Brinkman-
Forchheimer suitability for simulating flow in
permeable media and at the edge between permeable
medium and clear fluid (Nieid, 1991). A boundary
layer around a vertical, flat plate was the subject of free
convection (Rees and Pop, 1998). The stokes flow of
an unsettled micropolar liquid between two isotropic
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permeable panels (Srinivasacharya ez 4/, 2001). An
in-depth study on entropy generation in conduits
packed with permeable media, considering both total
and partial scenarios (Morosuk, 2005). Utilizing
Brinkman’s equation to explore three distinct flow
patterns determined by Darcy number, tailoring the
model equation for shallow porous layers accordingly
(Parvazinia et al., 2006). The free conduction of
extremely hydromagnetic viscoelastic fluid inside
a vertical tube (Kumar ez 4/, 2010). The homotopy
evaluation method to examine the comportment of
viscoelastic and hydromagnetic liquids near a vertical
permeable region (Muthuraj and Srinivas, 2010).
The oscillatory flow of an electrically conducting
Casson fluid via a porous horizontal conduit under
velocity slip constraints. Again, the Bodewadt flow of
nanofluid across a spinning disk with heat and mass
transport effects.

Biology and engineering both make substantial usage
of investigational studies on non-Newtonian liquid
dynamics. Conceptual research concentrates on
physiological (polymer) liquids and non-Newtonian
liquids such as blood. Non-Newtonian Jeftrey
fluid models provide superior representations of
physiological fluids, which has led many researchers
to focus on these models (Hayat ez a/., 2006). A well-
known Reynolds model to investigate the upshots of
varying viscosity with Jeftrey liquid in a flexible media.
In an asymmetrically inclined channel (Nadeem
and Akbar, 2009). The effect of slip over the Jeftrey
liquid peristaltic flow (Srinivas and Mathuraj, 2010).
Assuming that blood acts as a Jeffrey fluid, scrutinized
blood movement over a restricted tube (Akbar ez al.,
2011). Highlighted the influence of permeable media
on the dynamics of Jeffrey fluids by concentrating
on peristaltic movement with changing viscosity in
an irregular conduit (Khan ez a/., 2012). Additionally,
they looked into convective Couette movement in a
conduit that slopes and has a porous wall on both sides.
'The unsteady movement of a magnetohydrodynamic
Jeffrey liquid between equivalent walls lined
with permeable material (Reddappa ez al., 2024).
Various scientific theories are proposed to explain
the comportment of Jeftfrey fluids below different
constraints. The behavior of Jeftrey liquid in peristaltic
flow through an asymmetric conduit (Abd-Alla and
Abo Dahab, 2015). The movement characteristics
of Jeffrey fluids in microscale tubes. Thermal
investigation of blood flow down an inclined wavy
channel driven by metachronal waves of cilia involving

pseudo-plastic, dilatant, and Newtonian liquids was
carried out (Al-Zubaidi ez a/., 2021). They discovered
that for dilatant fluids, the velocity drops, but near
channel walls, it exhibits the opposite behavior. For
Newtonian and pseudo-plastic fluids, velocity grows
in the center area of the conduit. Their investigation
revealed that magnetic fields and slick barriers had
opposing impacts on the dynamics of the flow. The
behavior of a pair stress liquid in a sloped conduit
was studied analytically (Ahmad ez a/., 2021). Effects
of slip boundary constraints, magnetic forces, and
permeable media on Jeffrey fluid flow (Nazeer ez a.,
2022). Considering entropy generation, the effect of
an endoscope on the peristaltic flow of a Jeffery fluid
in an annulus (Fayyaz ez al., 2024). Various studies
conducted in recent years are referenced in sources
(Hamdan and Kamel, 2011; Anwer ez a/.,2020; Bandi
et al.,2023; Mujahid ez al.,2024; Shahzad ez al., 2024).

'The properties of heat transport are extensively utilized
in various contexts, including thermal treatments,
muscles, and skin tissues. Many researchers have
conducted significant studies on heat transport within
the human body, as it profoundly affects blood flow
rates and subsequently alters physiological conditions.
Understanding these fluid dynamics is essential for
advancing technological innovations, operations, and
efficiency across multiple fields. How changes in the
temperature of the surrounding water affect blood flow
variations (Barcroft and Edholm, 1943). The various
complex numerical and analytical approximation
methods available in the literature for estimating the
temperature field over a porous fin (Turkyilmazoglu,
2017). For the rheology inside a long circular conduit,
the Eyring-Powell fluid’s non-Newtonian physical
model (Turkyilmazoglu, 2020). Analytically examine
the laminar flow and heat transfer characteristics of
a viscous fluid around a long horizontal or vertical
cylinder  (Turkyilmazoglu, 2021). The
focus on stagnation-point flow and heat transfer
as it impinges on a stretchable flat plate or circular
cylinder (Turkyilmazoglu, 2021). A computational
examination of the time-dependent behavior of
magnetohydrodynamic nanoparticles in mass and
heat transfer, considering the effects of chemical
reactions and heating elements (Li ez al, 2022).
Fractional non-singular simulations of radiation,
mass, and heat transport processes using different slip
and convection boundary effects (Raza ef al., 2022).
'The mass and heat transfer dynamics of two non-
mixable Jeffrey liquids flowing in a perpendicular

circular
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conduit (Kalyan ez a/., 2023). The effect of changing
liquid characteristics on the MHD of viscous liquid
peristaltic flow via a tapered conduit (Rafiq ez al,
2024). 'The thin-film flow of a micropolar fluid
over an inclined and dynamic substrate while being
affected by heat and gravitational forces and including
nanoparticles is stated as a physical problem (Siddiqui
and Turkyilmazogluhg, 2024). Citations to some
of the most pertinent studies on the topic of the

investigation may be found in (Firdous ez a/., 2020;
Asghar ez al., 2022; Shahzad ez al., 2024).

Most  existing literature examines permeable
media through stable permeability. We believe that
incorporating varying permeability will be beneficial
tor studying flow through artificial porous media,
such as in the strategy of synthetic examination of
deformable bones and their structures materials. It is
hypothesized that underground movement is affected
by surrounding permeable layers with differing
permeabilities. Based on these insights, we explored
the flow of Jeftrey liquid in between two immovable
barriers, an inclination conduit, considering both
scenarios with and without variable porous media
while applying a constant temperature to the wall.
'The goal of this study is to scrutinize the comparison
of the impact of the permeability in an inclined
conduit in the presence of heat. It gives a hypothetical
toundation for exploring how permeability variations
affect the way Jeftrey liquids move through permeable
materials in a conduit that slopes. We examine three
scenarios: (i) Poiseuille flow on an inclined plane
over a permeable medium, (ii) Poiseuille flow in
the absence of a permeable media on an inclined
plane, and (iii) the influence of heat in both porous
and non-porous media. In these cases, various input
values are used to assess the equations for mass flow
and velocity distribution. This research examines
how classical Poiseuille flow between parallel plates
is affected by tilt, the Jeftrey parameter, and varying
permeability. The results of the numerical analysis are
presented in tables and summaries, complemented
by graphical representations showing the influence
of key parameters on momentum, skin friction, and
mass flow.

Mathematical analysis

Consider the thermally radiative Poiseuille flow
of a non-Newtonian Jeffrey fluid fluid in a plane
through a porous medium. The channel width is The
permeability of the porous medium between the two

solid walls in the infinite channel is examined under
the assumption that the pressure gradient in the
direction is constant. For the sake of argument, let the
angle of the channel relative to the horizontal be 0 as
shown in Figure 1.

r=-pl+§. ..(1)

A ziaF
S—H/11 (¥ +4,7) ...

Where; § represent the extra stress tensor, T denotes
the Cauchy stress tensor, I is the identity tensor, p
denotes pressure, 1, denotes the retardation time, 4,
signifies the ratio of relaxation to retardation time,
and y is the shear rate. Dots signify derivative w.r.t to
time. Consider The Brinkman equation Al-Zubaidi ez
al. (2021) and the continuity of steady Poiseuille flow

in permeable media.

Figure 1: Problem configuration.

-
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The boundary constraints are given as:

=

=0, F=T,, at =0,
7 = (7)

1l
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)
8
=1

In the above equations, u is the velocity in the x-
direction, p is the fluid density, p is the kinematic
viscosity, g is the acceleration due to gravity, 4 is the
thermal conductivity, and g is the radiative heat flux
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and is given by:

4ot ort 16Ty oT (8)
Yy w o

Let’s examine the permeability equation in quadratic
form, where the upper and inferior walls are kept at
zero, the maximum permeation occurs over the straight
middle line of the transmission (y = h/2) Supposing
k(y)= ay’+by+c, and the boundary constraints £(0)=
0, k(h)=0, we get the expansion for permeability as
k(y)= a(y-yh) where a is constant. Now %(y) achieves
maximum, say £ = -a/’/4 at y=h/2 So, %(y) is in the

form:
k(y)=— h2 =(y-my ...(9)
.9:'11—'1;’. ILJ'(J:‘%]:2 4 .\’:%, k:?. u:i
u - e iy
N = Fr sl 10)
P TTw TThery

Substituting the non-dimensional quantities in
Eqations 3-7, we get the following system of
equations:

d*u_H,Q A _ d )H)Re(
v’ k() 9

77, B (5”} ~0....(12)
o T+h

The dimensionless boundary conditions are given by:

sin &
11
+ F?J bk

(1+R)

u(0)=0, 7(0)=0,
”(]):0‘ }‘/(1):]_ ....(13)

In the above equations, Fr=:’ /gh is the Froude
number, Re=pumaxh/u is the Reynolds number,
R=166"T300/3k*k is the thermal radiation parameter,
Br=pu2max/k(T1-T0) is the Brinkman number and
P= 6p/ox. The permeability variables are given by:

k() ==4(7 - y)---(14)

Materials and Methods

For porous medium

-4+, )Re(P+ﬂ)

r ) gy s (16
TS H O+ A) »---(16)

5, (7 -y)1+2( )
6(1+R)(1+4) a

sin &
4(1+/L1)Re(P+ o J

..(17)

y=y-—

Where; ,_
SB+H, (1+4)

For non-porous medium
'The governing equations for a non-porous medium
are given by:

1 d*& _ldp, pgsné (18)
1+, &y’ - I dx y7i
~2 = 'ﬂ—‘ 2 8
5 1A ¥
'The boundary conditions are given by:
7 =0, e, at 7=0,
_ ..(20
7 =0, =i, at y=h s/
Non-dimensional quantities are
v . x _ 3y __p _T-T
1—1:“, % 7 v 2 ) e y A (21)

Utilizing non-dimensional quantities, the governing
equations and boundary constraints transform into:

Siné )

J ()

d*v _
F— (I+2)Re [P+ =

’M

7(0)=0, (1) r(1)=

..(23)

v(0)=0,

Where Re=pvmaxh/p is the Reynolds number,
Fr=v /gh is the Froude number and P1= ép/ox.

The solution of velocity and temperature is given by:

'The suitable solution for Equation 11 with boundary Lo 1 e [.Pl . sin@]_ (25)
constraints are given as: 2 T _ Fr |7
A'B (¥ -y)(1+2(»*-¥)
u= Ay —y)....(15) y=y- ( ( +R()(1+21) ) scecl 2O}
Utilizing Equations 14 and 15 in 9 and 10, we obtain:
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Where; 4 =—l(1+)Ll)Re[Pl + sin&j. s (22)
2 Fr

Mass flux

As a function of conduit length, the dimensionless
mass flux for Poiseuille flow over a permeable media
on an inclined plane is represented as:

M= [ludy =% ... (28)

The mass flux on slanted planes under Poiseuille low
in the non-porous medium.

1

M, = [ vdy =é(l+i)Re(Pl +S;‘rgj. ....(29)

2

0

Skin friction
'The skin friction at y=1 is given by the relation:

__ % du_ 4 (. sin@
TR B SrHATL ] (30)

Nusselt number
The Nusselt number at y=1 is given by:

Nu:—(1+R)j—J7:----(31)

Result and Discussion

In the subsequent subsections, we focus on the
mechanism to control the velocity, temperature, and
Mass flux through variations of the characterizing
parameters such as the Froude number (0 < Fr < 1),
Jeffrey parameter (0 < A1 < 1), Reynolds number (1
< Re < 50), pressure gradient (0.3 < P < 1), angle of
inclination (0 < 0 <2),and Brinkman number (0 < Br <
10). These parameter values are designated according
to the previous literature Anwar-bag ez al. (2020),
Rafiq ez al. (2024), Siddiqui and Turkyilmazoglu
(2024) and Firdous ef al. (2020) and these are
beneficial for experimental purposes. Performing a
comparative analysis between the present study and
the previously published paper is a valuable approach
to validating the accuracy of the present results. The
close agreement between the outcomes of the present
study and the existing literature confirms the accuracy
and reliability of the present results as shown in Table
1. Table 2 provides the variation in Nusselt number
tor difterent physical parameters. In graphs, solid lines
are used for porous medium, and dashed lines are
used for non-porous medium. The model algorithm
is shown in Figure 2.

Table 1: Comparison of skin friction |Cf| at y=1 with
that of Bandi et al. (2023) with A1= 0.5, P =3, 0 = n/6,
Ha=1.

Fr 01 02 03 04 05
IC,| 328 229 1.97 177 167
IC,| 337 231 1.96 179 1.69

Bandi ez 4/. (2023)
Present study

Table 2: Effect of Nusselt number coefficient for distinct
physical parameters.

Parameters Nusselt Number Nu
Fr R B, Al Non-Porous Porous
0.1 04 2 1.5  1.0928 0.5467
0.2 1.2548 0.9967
0.3 1.2955 1.1096
0.2 1.0548 1.0991
0.4 1.2548 0.9967
0.6 1.4548 0.6925
1.2548 0.9967
5 0.6740 0.6333
10 0.0012 0.0061
1 1.2548 0.9967
2 1.2200 0.7950
3 1.1983 0.5933
’ Boundary
' value |

\'\\‘ problem |Obtain constants using BCs |

—

Plot final solution
on MATHEMATICA

Substitute solution
in  BVP

L

Figure 2: Model algorithm.

The effects of various parameters on the velocity
profile in porous medium and non-porous medium
are shown in Figsures 3-7. The influence of Fr on
the velocity profile is depicted in Figure 3. Figure
3 demonstrates that the fluid velocity diminutions
in both mediums by enhancing the values of Fr.
As the Froude number increases, the influence of
gravity becomes more pronounced in relation to the
fluid’s inertia. This leads to a stronger downward or
stabilizing effect on the fluid. Consequently, the fluid
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Solid colorful lines
(porous medium)

—_— :
Dashed colorful lines
| (Non—porous medium)

0.8
0.6
¥ 04

0.2+

Fr=0.1,02,03

0.0+7 _ 1
0.0 0.2 0.4 0.6 0.8 Lo

v

Figure 3: Velocity profile for distinct values of Fr.

Solid colorful lines

(porous medium) |

Dashed colorful lines
1.5 | (Non—-porous medium)

v

Figure 4: Velocity profile for distinct values of A p

experiences an increased resistance to its motion
due to gravity, which opposes the inertia-driven
movement of the fluid. As a result, the overall fluid
velocity decreases when the Froude number increases.
'The deviation in velocity profile for various values of
Jeffrey fluid parameter is exhibited in Figure 4. This
graph indicates that the liquid velocity is enhanced by
enhancing the A1.The Jeftrey fluid model modifies the
constitutive equation to account for elasticity effects,
often leading to the fluid responding more elastically
to applied forces. When the Jeffrey parameter
increases, the fluid exhibits more elastic behavior. In
peristaltic or channel flows, this elasticity allows the
fluid to store and release energy more effectively as it
moves, which reduces resistance to flow and promotes
higher fluid velocity. The dimensional velocity profiles
increase the velocity in the porous layer, the channel,
and the rate at the interface at increasing driving
pressure gradient values for a given viscosity. It is
important to note that for all pressure gradient values;
the chosen permeability distribution yields smoothly
shifting velocity profiles (Figure 5). The viscous forces

become less significant as the Reynolds number rises,

and velocity defects in the flow field will propagate
less. The wall shear stress is decreased at higher
Reynolds numbers because less fluid is dragged
along the surface. Figures 6 and 7 demonstrate how
velocity rises with increasing Re and 0. As compared
to a non-porous media, the results show that the
Poiseuille flow of a non-Newtonian liquid in a
heated permeable conduit with variable absorbency
decreases velocity in the permeable medium. In a
porous medium, the velocity profile tends to decrease
compared to a non-porous layer due to the increased
resistance created by the medium’s permeability. As
fluid flows through a porous structure, the material
obstructs its movement, generating drag forces that
dissipate kinetic energy and slow the flow rate. This
resistance, often represented through Darcy’s law or
similar terms, reduces the overall velocity within the
porous layer.

Solid colorful lines)
(porous medium)

CT T
2.0 Dashed colorful lines

(Non—porous medium})

1.5¢ : 4

0.0 0.2 0.4 0.6 0.8 1.0
=

Figure 5: Velocity profile for distinct values of P

Dashed colorful lines Solid colorful lines
(Non—porous medium) (porous medium)

0.8

0.6 !
= 04 |
0.2} ]

; Re =0.1,0. 2,0. 3
u.[} -‘I 1 1 I-
0.0 0.2 0.4 0.6 0.8 1.0

g

Figure 6: Velocity profile for distinct values of Re.

Figure 8 is plotted to see the deviations in mass flux
M1 and M2 against A1 for dissimilar values of Re.
'This graph indicates that the max flux is enhanced
by increasing the values of Ha. The impact of the
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inclination angle 0 on the mass flux M1 and M2
against Al is depicted in Figure 9 and observed that
the mass flux is augmented by augmenting the values
of 0. Figure 10 illustrates that the mass flow drops as
the Froude number upsurges.

3 Solid colorful lines |
"+, (porous medium)

2.0 Dashed colorful lines
(Non-porous medium) .*~

1.5+

0.0 0.2 0.4 0.6 0.8 1.0

Figure 7: Velocity profile for distinct values of 0.

Re=0.15—
Re=0.15= = My==--
04/Re =0.25

Re=0.25

Re=0.35—

03 Re=0.35=="

02

0.1 --

0.0 0.2 0.4 0.6 0.8 1.0
A

Figure 8: Mass flux variation with A . Jor distinct value
of Re.

A

Figure 9: Mass flux variation with A | Jor distinct value

of .

0.40F i’r =01 =—
Fr=04="="
035 Fr=0.3
Fr=0.3

0.30[Fr = 0.5 s
Fr=05m =«

M1: —
My= ===

A1

Figure 10: Mass flux variation with A : for distinct value
of Fr.

1.21 Dashed colorfull lines

(Non—porous medinm)
1.0}
Solid colorfull lines
0.8 (Porous medium)

~ 0.6/
0.4} =<3
Re=0.1,0.3,05
0.2]
0.0} #
0.0 0.2 0.4 0.6 0.8 1.0

¥

Figure 11: Temperature profile for distinct values of Re.

1260 Dashed colorfull lines
(Non—porous medium)
1.0+ Solid colorfull lines
(Porous medium)

0.8+
0.6f

DA Br=1,5,10

0.2r

0.0}

0.0 0.2 0.4 0.6 0.8 1.0

¥

Figure 12: Temperature profile for distinct values of Br.

Figures 11-13 are plotted to depict the deviations in
temperature profile for various values of the Reynold
number Re, Jeffrey parameter A1, and Brinkman
number Br. The heat transfer is increased in a porous
medium in comparison to a non-porous medium.
Figure 11 illustrates the influence of the Reynolds
number Re on the thermal profile y. It can be noted
the liquid temperature is increased by augmenting the
values of Re. Figure 12 shows that the temperature
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profile is upsurged by enhancing values of the
Brinkman number Br. Physically, a higher Brinkman
number indicates a greater influence of viscous
dissipation, where the kinetic energy of fluid motion is
converted into thermal energy due to internal friction.
'This conversion generates additional heat within the
fluid, causing a rise in temperature. As the Brinkman
number increases, the amount of heat generated from
viscous dissipation becomes more significant, which
enhances the overall temperature of the fluid. The
impact of A1 on the temperature profile is displayed
in Figure 13. A significant upsurge in the temperature
profile can be observed when Al is increased. The
impact of dissimilar parameters on the Nusselt
number is shown in Table 2. It can be concluded
from this table that the Nusselt number is enhanced
by enhancing the values of Fr and R however, it is
decreased by increasing the values of Br and A1.

Dashed colorfull lines

| (Non—porous medium)

1.0

0.8 Solid colorfull lines
(Porous medium)

0.6]
0.4]
02/
0.0
0.0 0.2 0.4 0.6 0.3 1.0

-

Figure 13: Temperature profile for distinct values of A.

Conclusions and Recommendations

This paper investigates the dynamics of non-
Newtonian Jeffrey fluid flow along an inclined
heterogeneous heated porous and non-porous stratum.

'The profile is associated with a smooth permeability

function, which mitigates permeability discontinuities

near the solid, bounding walls. The key findings of the
study are:

* 'The velocity of the fluid upsurges with higher
values of the Jeftrey parameter, Reynolds numbers,
and inclination angle.

* Thevelocity profile in the porous stratum decreases
as compared with the non-porous stratum.

* An increase in the Jeffrey parameter enhances the
mass flux in the conduit, while an increase in the
variable Hamdan number exhibits the opposite
effect.

* An upsurge in the values of the Jeftrey parameter
increases the thickness of the momentum
boundary layer.

* 'The fluid temperature is augmented with higher
values of the Jeftrey parameter, Reynolds numbers,
and Brinkman number.
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