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The major motivation behind this work is to utilize (), q)-calculus and inspected the generalized (P, q)-Ruscheweyh differential
operator. At the present time, we utilized (P, q)-Ruscheweyh differential operator and examined some new subfamilies of & and

study some essential properties, for example, inclusion and subordination properties.

1. Introduction

The q-calculus is the speculation of ordinary calculus where
the limits has been supplanted by q. The chronicled
background of g-calculus may be portrayed by its wide
variety of use in quantum mechanics, logical number
hypothesis, theta functions, Bernoulli and Euler polyno-
mials, Sobolev spaces, and more in the analytic and uni-
valent function theory. Jackson ought to be praised for the
specific start of quantum calculus in his work in [1, 2], by
presenting the q-derivative and integral, respectively. In
g-calculus, we essentially center around q-analogue that
arise normally, rather than in arbitrary q-analogues of
known results. While zeroing in on advancements and
improvement of q-calculus and its applications in explicit
fields of numerical and actual science, we will moreover
look at g-analogues of a part of the new results in Geo-
metric Function Theory in unit disk. The early work of
g-calculus in the field of Geometric Function Theory was
finished by Ismail et al. [3], by summing up the class of star-
like functions into the class of q-star-like functions.
Assume that f € C. Then,

f is normalized analytic functione f' (0) = 1 = 0 = £(0)
(1)
and characterized as

f2)=z+ iakzk, ze&={zeC: lzl<1}. (2
k=2

The symbol of stands for the family of all these type of
functions. Also, by & ¢ &/, comprising of functions, which
are univalent in &. By 8" (a)(0<a<1), we meant the
subfamily of & consisting of star-like functions of order «. If
a=0,then &* (a) = &*.

Let g € C be analytic in &. Furthermore, we say that

PeP=p(0)=1,

(3)
Re(p(z)) >0,z € &,

and presented as
p(z) = 1+chzk. (4)
k=1

For f, and f, given by
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<k
fl(z)=z+Zakz,
k=2

& 5
fz(z)=z+Zbkzk, )

k=2

z €&,
the convolution is characterized as
(fxf)@=z+Yabz =(f«f )@ z¢&
k=2

(6)

Assume f and g be analytic in &. Then, f < g if there
exists w analytic in &, along w(0) =0 and |w(z)|<1,in &

such as
f(2)=g(w(z), ze&. (7)
Also, it is observed by [4] that
f<g=f(0)=g(0)and f (&) c g(&). (8)

Kanas and Wisniowska [5] extended the parabolic region
and characterized the region Y,0<k < oo as

Yk:{w:5+iteC:s>k\/(s—l)2+t2}, 9)

with 1 € Y. Assume

o =fw=s+it: s =k((s-1’+£)}. (10

Therefore,

k=0=Y,=5s>0,

k:1<=>Y1:t2<25—1, (11)

ke (0,1) =Y, =s>k\ (s—1)* + 1.

Identified with the region Y, the accompanying func-
tions are extremal and g (&) C Y

1+z

, k=0,
1-z

2. ,[2
pk(z) 11+ - kzsmh [(;arccos k)arctan h\/E], 0<k<l,

2 142\
1+ 1 , =1
+ﬂ2<og1_\/z> k

(12)
Two fascinating subfamilies of § are k— #€7 and k- ST

which consist of k-uniformly convex and k-uniformly star-like
functions, respectively, and characterized by [5, 6] for k>0 as
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. Zf/,” (Z)> N kizglv (Z)‘,Z e }

k—%%’%z{gecﬁ Re(l

g (2) g (2)
oo . 29 (2) |zg’(2)_
k §J—{g€§.Re<g(z)>>k'g(z) 1,ze‘é”]r.
(13)
Note that
gek-UCV ezg ck-ST. (14)

Geometrically, g € k — % €7 means that the image of &
under [(zg (z)) /g (z)] is contained in Y;, where Y, is
defined by (9).

In recent years, researchers are using these conic domain
defined by (9) very efficiently and obtained very excellent
results some of them are [7, 8] and reference therein.

Remark 1. All through this study, we mean by # the family
of functions h that are convex univalent in & along /(0) = 1,
except if in any case referenced.

2. (p, q@)-Calculus

Expanding the concept of q-calculus, (p,q)-number was

freely considered by [9]. Let 0<q<p<l; then,
(p, q)-number is characterized for j € N by
. _ P - j-2 j-2 j-1 (15)
b, = =p pqrrpa H

(p.a) p q

which is the common generalization of q-number. Note that
[jl = j. Also, for g € N, we obtain

(1,1)

le+1], =a +P[Q](M
' otj- (16)
le+ ]] o 1 + b [Q] >’
Furthermore,
) _pg+j_qg+j pf(p@_qa)
[Q ]] Pq) [Q] (p.a) - p — q B p — q
cf(vj —qj> (17)
- p-q
=q'[j]

»a)’

In [9], for f € C, (p, q)-derivative of is characterized as
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f(az) - f (p2)

, z2#0,
(a-p)z
b, f(2)= (18)
£ (0), z2=0
Moreover,
f@=2 =, f@ =k, 2 a9
Also, by utilizing (2), we attain
b(p,q)f(z) =1+ kZ: [k] (v;q)akzkil‘ (20)
=2
Note, if p = 1, at that point
b J()=>d f(2) (21)
Also, b(“ f(z) = f (2). It is notable [10] that
b, ((2u(z) =v(pz)d  u(z)
' ‘ (22)
+u(qz)d | v(2),
ord, ) (v(2)u(z)) = u(pz)b(p,q)v(z) (23)

+ v(qz)b(‘,,q)u(z).

The (p, q)-integral of f presented in [10] is given by

1 z © J J
S oot Z(pq—>f <p3“ ) ol

Note that if p = 1, definition (24) reduces to the well-
known Jackson integral defined in [2]. We refer to a notion
of (p,q)-operators, that is, (p,q)-operator, that play im-
perative job in the hypothesis of hypergeometric series,
operator theory, and quantum physics. The utilization of
q-calculus was started by Jackson.

As of late, Akbar et al. [11] started the possibility of
symmetric (p, q)-calculus, presented symmetric (P, q)-de-
rivative, and examined another class of star-like functions
along intriguing results.

> (24)

2.1. (p,q)—Generalized Pochhammer Symbol. The incesti-
gation of star-like functions via (p,q)-calculus and various
analytic functions classes were reported in [11, 12], re-
spectively. The (p, q)—Gamma function is characterized by
the accompanying relation:

(PQ) (1’) - [ ]
(p,q)(l) =1L

(r - 1)>

M) (p.a)

(25)

Expanding the concept of q-generalized Pochhammer

symbol, the (p,q)-shifted factorial ((p,q)-generalized
symbol) is characterized as
1, k=0,
(), = { (Mpalr+ gy lrtk-1lgq, keN.
(26)

Note

([ﬂ“m)k=([ﬂq);md(n“Mk=(mf (27)

Now, by generalizing the concept of [13], we introduced
the (p, q)-Ruscheweyh differential operator as

R’ f2)=f(2)* % ( )

(p,a)

0> -1,0<q<p<lzed, (28)

where
0 & (k+Q) k
< _ (pq)
m(m+u ) k
_ w0 )y (30)
=z + 72 .
Lo,

2.2. Special Cases. If p=1,q<1 , then

R f(@=f@+F (=R"[(2), (31)

(1.1

see [14].
Also, if p = 1, then
miwf(z) - mi (2) = f(2) &, (2), (32)
see [13].
Therefore,
¢ = (k + Q) k
ER(M)f(z)—z+kZ; (1+g)[k—1] ,q)!akz , z€8&.
(33)

Using (P, q)-derivative defined by (19), we observed that
(k+0) ko1

r
b, (R, S@) =1+ Z (rok-11 12
(M) (p.a)
(34)
If p=1,q=1 andg =0, then
b, (R, f@)=1 +Zka : =f (2, ze® (35
Utilizing (35)and ¢ € N ={0,1,2,3,...}, it can, without

much of a stretch, be confirmed that

o+ 1], R, F@=a'z(b, (m f@))

(p.q)

AC

(36)
+ p Q] Pq)

By taking p = 1, we obtain

e+ R (@ =q'z(d (R F@))+ll R f (D (7)
see [15].

Also, if p = 1,q=1 , we observe



(e+ 1R f(2) =z(mgf(z))' +oR"f (2), (38)

see [14].
Using (p, q)-derivative defined by (19), we define the
class k- 87 () by the following.

Definition 1. Assume that f € & is defined by (2) and
h € & is given as in Remark 1. Then, for 0<g< p<1,

2, )(m f(z))
(= —
(pa) m f( )

(p.a)

fek-8T pk(z),

k>0,z € &,

(39)

where (@ are defined by (12).
We can define the corresponding class k — %467 o (0)

as
fek-UCT (Q)<=>Z<b (M)f> €k-87 (o) (40)
Equivalently,
(mjm f) ck-STefek-8T (0. (41)
Also,
fes. (@)@(mfwf) €S . (42)
3. Main Results

To get our main results, the accompanying lemmas are
helpful.

Lemma 1. Assume that
x: D ¢ Cx C&C along

s=s +is,t=t +it and
1 2 1 2

(i) x (s, t) is continuous in D
(ii) x(1,0)>0and (1,0) € D

(iii) Re (X(zs t ))<0for (zs t )e Dandtls -
(1/2)(1+5)

Suppose that @(z) =1+cz+cz+. belongs to &
along (p,zp') e DVz € &. If Re (X(p(z) zp' (2))) >0,
then Re (g (2)) > 0; for details, see [16].

The attendant lemma is (p, q)-analogue of the lemma
presented by [17].

Lemma 2. Assume that h € I be defined as in Remark 1.
Furthermore, let B,y € C along f #0. If p € P, fulfill
Re(ﬁop(z) +y,)>0 and

(p.a) Z)
2l <h(z)=p(z)<h(z),

W z€é&. (43)

p(2) +

The accompanying lemma is (p,q)-analogue of the
lemma presented by [15] and will be required for later use.
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Lemma 3. Assume thath € % and s(z) =1+ sz+ szz2
be analytic in &. Furthermore, if

[y](pq

(s(2)
s(qz) + o <h(z), z€&. (44)
Y pa
Then, for [y](y,) #0, we have
s(qz) <t(qz) < h(z), (45)
where
_Wow (7m0
t(Z) = m J‘O e h(t)d(p)q)t
(46)

(o8 ][V] P.q) q]
=(p-qly pq)z (]+1)[y](pqh<p,+1

is the best super-ordinate of (46).
Proof. Assume that h € # and

[yl
y »OZD . (sz) <h(2),
[v]

(p.9)
To find the best dominant of (47), we have to find the
solution of corresponding differential equation:

pleazd  (t(2)
t(qz) + = h(2),
[y]

s(qz) + ze&. (47)

z€8&. (48)

(p.a)

This means that, making use of product rules (22) or
(23), we obtain

y 2" h@ =) b (t(2)

(p.a) (p.a)

0 g

i, t(q2) = (p2)"00d (t(2)
+t(qz)d (pﬂ)(zm (wv) =D W(zm <M>t(z)>.
(49)
Consequently,
(vl
@)= T JO (V00 (D) o, (50)

which is best dominant of (46). By using (24), we can right

M YRR
t2) = hor )Z o ) h

q/Mwo q’

(51)

which is required.
If we take p = 1 in Lemma 3, we obtain the well-known
result from [15]. O

Theorem 1. Assume that k>0,0<q<p<1,
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k-%67 (o) ck-8T

5
(@) z¢€@. 52 zd ., o (RS z)
o 52 WS 0/ @) _ n(z), he. (53)
Ripaf (@)
Proof. Assume f € k- UCT o (0) and consider Presently utilizing (36), we obtain
h(Z) _ < [Q + 1] (qu)/q~ )m (uq)f(z) _(p [Q] (p,q)/q >m (p,q)f(z) _ < [Q + 1] (v,q)/q~ )m (M)f(z) _ P [Q] »a) (54)
(qu)f(z) m (Wl)f(z) q
Differentiating (53), (P, q)-logarithmically, we have Corollary 1. Assume that k>0 and Vz € &,
k-UCV ck-S8T. (58)

zd  1(z) _ b(pm(Zb (p)q)(miwf(z)»

h(z) +—22 - <p (2).
") b (M)<2R‘(pyq)f(2)) k
Corollary 2. Assuming that k =0 and YV z € &, we obtain
(55 gcs'.
Therefore,
zd  h(2) (56) Theorem 2. Suppose that, for k>0,andg € N ,
h — < , €& 56
AT k-8T  (e+)<k-S8T (9)C - ck
’ ’ 59
Along these lines by utilizing Lemma 2, we have —STcs’ (;7 )QCS’ cs. (59)
h(z)< ©, (2), and thus, !
zd <§Rg f(Z)> Equivalently, for = k/k + 1,
“’;@ “”“; e f k=87 @ (57) O A, *
<M>f z o (M)(Q L ’70) < é)(p.q)(g’ ’71) SR éjuw’ (60)
which is required. (Q -(m-1), ﬂm) cs ;)q)(Q -m, ”IW)’
Note that, by taking specific values to the parameters in
Theorem 1, we can get some notable results. where ¢>m €N and
For ¢ =0,p = l,andqe1 , we obtain accompanying
crucial result, see [6].
[Zq n,~ 2]3( lo],, = lml <p,q>> -4 ] a \j[Zq n,~ 2]3( lo],, = [m] (m)) -1 ] * 8[2170]3( [l = [m] mq)) +q ]
Mor = 2 :
(61)
S (e+Ln)ecs (o) 63
Proof. Firstly, consider (M)(Q ’70) (M)(Q ’71) (63)
k=87  (e+)<k-8T (o), (62)  Where
or
<2qgn0 -2plal - qg> - \qugno -2plal - qg) + 8<2770P[Q] oot q0> (64)

n.=



Let f € 5; (¢ + 1,7 ). Furthermore, let

)

20 (pﬂ)(m S (z))
R (m)“f (2)

=(1-n)p, @47, p P (69

Using (37), we obtain
<< [o+1] (M)>/q0)mi;;)f(z) ple (

4

R @ a (66)

p.q)

=(1 _’11)})1(2) + ’71'
This implies that

e+1], R f2) ‘
(p,q)g (p.a) =q (1 —ﬂl)pl(z) +q ]71 +'p[Q] »a”

(p.a)

(67)
Differentiating (p, q)—logarithmically, we attain
2 (R f(2)
(M)<Q+1 o ) =(1-1)p () +1,
R ol @
q (68)
(1-n)z,,(r,)
a'(1-n)p,(2+a'n, +pla

(p.q)

Journal of Mathematics
Since

fek-8T  (o+ 1)gcs°w(@+ Ln,) 1, St

This means that

A (1-n)e,,(p,2)
Re( (1-7,)p, (2) a i
e(( n,)p,(z +n1+q'(1—111)p1(z)+q '71+P[Q]<M))

>n,z€8.
(70)

Now, we construct a functional ¥(s,7) with s=s +
is, = pl(z) and v = v +iv = zD o (pl(z)) as

Q' (1-n)
¥ (s,v) =(1- - : gy
() =(1=n,)s+(n, ’70)+q‘(1—nl)s+q n,+ple]

(pa)

(71)
It very well may be seen that, for the functional ¥ (s, ),

(i) ¥(s,v)iscontinuousin D =C - {qgﬂ] +plol ./

q“ (1, - D} x C

(i) (1,0) e D=C - qgnl + plol (M)/qg(ryl - 1)} x C
and Re (¥(1,0))=1-7 >0

Now, consider

Re (¥ (is,v;)) - Re((l = nisy + (11, = 1) +

q* (1= m)v, )

q° (1 =my)is, + q°ny + plel (pg

(72)
(- (qg(l_ﬂl)2(1+5§)+qg’71 +P[Q](p)q))
= (1, — 1) + % 22 [ < (1 = 1) - 22 22 [ N’
a* (1= m)s; +(a"n +P[Q](p,q)) 2<q (1= n)°s> +(am +p[g](p)q)) )
because v < - (1 +sz/2). Therefore, after some simplifi- where
cations, we obtain
A+B52
; = 2 (73)
Re(\I’(zsz,vl)) 2
A=(2('l1—m)(qgmﬂ’[@]w) —qg(l—ﬂl)(q“m+4’[@1<p,q>))>
B=(20"(n,-n)(1-n) ~a'(1=n)(a'n, +plal ) 79
C= 2(q i’(l - ;11) s, +<q2171 +pleo] (p)q)) )
&tpm(g’ﬂo)gé’(v,q)(g_ 1”11)’ (75)

The R.H.S of (76) is negative if A <0, B<0. By applying

Lemma 1, we finally attain

and A <0 yields
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<2q9170 -2plel ,, - qg> - \/(2(19’10 -2plel ,, - qg) + 8<2'10p[e] ot qg) (76)
n,= >
S (en)cs (o-1,1) 77
where n, = kik + 1. “’*‘”(Q ’7‘) “"‘”(Q ’12) 77

Similarly, proceeding as before, one can prove

where

2

n, =

Continuing this process, we obtain

é);m(g_(m_ l),nm)go?;)q)(g—m,nmﬂ), (79)

[2(1@'10—217([@] (M)—[l](p,q)—qg] —\j[quqo—2p<[Q] (M)—[u(w)—qg] +8[2110p<[g] (p»q)—[l](m>+qe] (78)

where

2

quo—n(mLm,mew)—qﬂ-—Jpqwo—n(mLM,mew)—qﬂ +82n,p(la),, -, ) +a']

]7 =

m+1

By using the principal of mathematical induction for
post-quantum calculus, one can prove that formula (83) is
true for all m € N and the proof is complete.

Note by allocating special values for parameters involved
in Theorem 2, we gain some notable results. Assuming p =
land &1 ,in Theorem 2, we acquire notable results from
[14]. O

Corollary 3. Assume that p = 1 and q<1 , which implies

4

(80)

2

(2n,-20-1) - \/(2;10 -20-1) +8(2n,0+1)

n.= 4 >

B k
Tkt
(83)

In this portion, we generalize some subordination results
presented in [15].

k-8T(e+1) k-8 (0) (81)
Theorem 3. Let >0,0>0,0<g<p<1,-1<P<E<LIf
f € o presented by (2) fulfills
Equivalently, o o+l
ey . . 1 m(p,q)f(z) m(m)f(z) 1+ 6z (84)
S (Q+1”70)§os) (Q,Wl) (82) (1-a) Z ta z 1T+27
where then, for n>1, we obtain
[o+1] 1 ( ( %Mmq)))f 1-Gs Un
1/ () (let )/ % 1 85
Re (t (2)) >< e JO s s ) (85)
Proof. Let 2 (g(z)) 2P w,q)(mfp,q)f(z))
R f(2) FICEES LW
9&)=—"1 ge (86) g9(z R, @

Differentiating this equation (p, q)—logarithmically, we
obtain

Making use of (37), we can obtain



2, (9=) e+l R f&) plol,, L (@)

9(2) ¢ R fE
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This implies from (16) that

20 ,,(9() - lo+11,, (?{imf(z) B i)ifwf(z)> q zb oo (9 (2D - <2waf(z) _ mip,mf(z)). (89)
g(2) q R [ le+1],, z
Equivalently,
aq'zd  (9(2)) R f@ R f@
g(z) + H 2B 4y 912 =(1-a)—22 +q—0 < il ‘gz, z e & (90)
le+11 z z 1+9z
plonzd (9(2)  1+%z
Therefore, g(z) + ) oy 11 9. °°© & (92)
0 »a z
a2, (92) 1492 (l2+11,,)(aa">")
g(2)+ b0 < , z€& (91)
lo+1] ) 1+22 Using Lemma 3, we obtain
or
lo+1] —(( 1o+ @ ®Wpg T lo+1] e wa ) )y
g(z)<t(z) = - o ((M))Z (( le qu))/( e ))) JS(( (M)) . )) i:;w ((Z))b(p S (93)
4 Pa w(z \q
oq p 0
Therefore, Then, for n=1, one can have
R £ (2) n
[Q + 1]( ) ; (([QH] (p)q))/(aqu[y](wl)))fl 1-%s Re( qf )
Re(t(@) >~ [ s e z
aq’p 0 s (96)
(94)

Presently, utilizing the reality (Rew)"" < Re (w''") for
0 <Re(w) and 1<y, we get (85), which is required.

Note that, by offering specific values to parameters in
Theorem 3, we attain certain fascinating results from
[15].

Corollary 4. Assumes that a>0,0>0,-1
<D <E<1l,andp = 1. Furthermore, if f € o is presented
as in (2), which satisfies

Rf2) R 1+
o +a

(95)
z < 1+97

(I-a)

1/
S lo+ 1]q Jl S([Qﬁ-l]q/ozqg)—l 1- (gsd s ,1.
aq?  Jo 1- s 9

Corollary 5. Assume  that a>1,0>1,9=1-20,

0<p<1,2 =1 and p = 1. Furthermore, if f € o is pre-

sented as in (2), which satisfies

R'fz) Rf(2)
z YT

(I-a)

(97)
<1+(1—2ﬁ’)z
1-z

>

then, for n=1, we obtain
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RO n . _ 1 ¢ ((le+1],)/aq?)-1 Un
ro[ ol @\ (2 — 1)s ([T’ 2(1-P)le+1], I s ((let1l, AN (98)
z aqe 0 I+s q
4. Conclusion [10] P. N. Sadjang, “On the fundamental theorem of (jp, q)-cal-
culus and some (p, q)-taylor formulas,” 2013, https://arxiv:
The essential explanation behind this investigation work is to 1309.3934v1.

use ( », q)—calculus and inspected the generalized [11] K. Akbar, R Murtaza, Adnan, U. Khan, . Khan, anc.l M. Fayz-
(p, q)-Rus cheweyh differential operator. At the present Al—Asad, A study' of new class of”star—hke functions assp-
time, we utilized (Jp, q)-Ruscheweyh differential operator ciated by symmetric (p, q)-calculus,” Journal of Mathematics,

. s vol. 2021, p. 8, Article ID 5304110, 2021.
and examined some new subfamilies of & and study some [12] K. Vijaya, “Certain class of analytic functions based on
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